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Abstract 



The article is devoted to linear quasigroups and some of their generalizations. In the first 
part main definitions and notions of the theory of quasigroups are given. In the second part 
p/j ' some elementary properties of linear quasigroups and their generalizations are presented. Finally 
^ ■ in the third part endomorphisms and endotopies of linear quasigroups and their generalizations 
are investigated. 
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fsj ' I- Main definitions and notions 

o ■ 

Definition 1.1. A groupoid {Q, ■) is called a quasigroup if the equations 

a ■ X = b, y ■ a = b 

X ■ 

i are uniquely solvable for any a,b G Q [1]. 

A quasigroup can also be defined in another way - this is an algebra (Q, ■, /, \) with three 
binary operations (■) , (/) and (\) , satisfying the following identities: 

{xy)/y = X, {x/y)y = x, y{y\x) = x, y\{yx) = x. 

The quasigroup (Q, ■) is called isotopic to the quasigroup {Q, o) , if there exist three permu- 
tations a, (3, 7 of the set Q such that 7(x o y) = ax ■ f3y for any x,y E Q . 

Definition 1.2. The element f{x) (e(x)) of a quasigroup {Q,-) is called left (right) local 
identity element of an element x ^ Q, if f{x) ■ x = x {x ■ e{x) = x) . 

If f{x) ■ y = y {y ■ e{x) = y) for all y ^ Q, then f{x) (e(x)) is called left (right) identity 
element of a quasigroup (Q, ■)• 

If f{x) = e{x) for all X G Q i-e. when all left and right local identities of the quasigroup 
coincide, then (Q, ■) has identity element which is denoted as e : e{x) = f{x) = e. A quasigroup 
with identity is called a loop. 



^The research to this article was sponsored by Special Projects Office, Special and Extension Programs of the 
Central European University Corporation. Grant Application Number:321/20090. 
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Theorem 1.1 (A. A. Albert [1]). Every quasigroup is isotopic to some loop. 
An isotopy of the form T = where e is the identity permutation is caUed principal 

isotopy. 

Theorem 1.2 (A. A. Albert [1]). // a loop {Q, o) is isotopic to a group {Q, +) , then {Q, o) 
is a group and {Q, o) = (Q, +) , that is the groups [Q, o) and [Q, +) are isomorphic. 

Theorem 1.3 (V.D. Belousov [1]). If the loop (Q, o) is principally isotopic to the quasi- 
group {Q, ■) , then the isotopy must have the form: T = (-R~\ L^^,e) , where LaX = ax, RaX = 
xa, Ra^x = a/x, L'^^x = b\x, for all a,b, x E Q . 

An isotopy of the form T = {R^^, L'f^^,e) is also called LP-isotopy of the quasigroup {Q, ■) . 
So any LP-isotopy of a quasigroup is a loop. 

In the class of quasigroups that are isotopic to groups the interesting object are the so 
called linear quasigroups that were first introduced by V.D. Belousov in [2] in connection with 
researching balanced identities in quasigroups. 

Definition 1.3. A quasigroup [Q, ■) is called linear over a group [Q, +) , if it has the form: 

xy = ipx + c + ipy, (1) 

where ip^ip E Aut{Q, +) , c is a fixed element from Q . 

Later G.B. Belyavskaya and A.KH. Tabarov in [3], by analogy with linear quasigroups, defined 
alinear quasigroups, as well as introduced the classes of left and right linear quasigroups, left 
and right alinear quasigroups and mixed type of linearity. 

Definition 1.4. A quasigroup {Q, ■) is called alinear over a group {Q, +) , if it has the form: 

xy = (fx + c + ipy, (2) 

where ip are antiautomorphisms of [Q, +) , c is a fixed element from Q . 

Definition 1.5. A quasigroup {Q, ■) is called left (right) linear over a group {Q, +) , if it has 
the form: 

xy = ipx + c + /3y {xy = ax + c + ipy), 

where (3 (accordingly a) is a permutation of the set Q , (p E Aut{Q, +) {ip G Aut{Q, +)) . 

Definition 1.6. A quasigroup (Q, ■) is called left (right) alinear over a group {Q,+), if it 
has the form: 

xy = ipx + c + f3y {xy = ax + a + ipy), 

where f3 (accordingly a) is a permutation of the set Q , (p {accordingly ip) is an antiautomor- 
phism of the group (Q, +) ■ 

Definition 1.7. A quasigroup (Q,-) is called of mixed type of linearity of first kind (second 
kind), if it has the form: 

xy = ipx + c + ipy {xy = ipx + c + tpy), 
where (p G Aut{Q, +) (ip E Aut{Q, +)) , ip (accordingly (p) is an antiautomorphism of the group 
All these classes shall be named classes of different type of linearity. 

An important subclass of the linear quasigroups are medial quasigroups. A quasigroup {Q, ■) 
is called medial, if the following identity holds: xy-uv = xu-yv . By the theorem of Bruck-Toyoda 
[4-6] any medial quasigroup is linear over an abelian group with the condition (pip = ipip , where 
ip, ip are automorphisms of the abelian group. 
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Medial quasigroups were researched by many algebraists, namely R.H. Bruck [4], K. Toyoda 
[5], D.S. Murdoch [6], T. Kepka and P. Nemec [7,8] , K.K. Shchukin [9,10], V.A. Shcherbacov 
[11] and others, and this class plays special role in the theory of quasigroups. 

Another important subclass of linear quasigroups are T -quasigroups which were introduced 
and researched in detail by T. Kepka and P. Nemec in [7,8]. According to their definition, T- 
quasigroups are quasigroups of the form ([1]), where (Q, +) is an abelian group and unhke medial 
quasigroups ip and if! not necessarily commute. Later G.B. Belyavskaya characterized the class 
of T-quasigroups by a system of two identities [12]. 

II. Some properties of linear and alinear quasigroups 

In this part some elementary properties of linear and alinear quasigroups are established. Note 
that some other properties of linear quasigroups are given as needed. Also we give some necessary 
facts from the theory of quasigroups. 

All left {La : LaX = ax) and right {Ra : RaX = xa) permutations of a quasigroup (Q, ■) 
generate the group which is called the multiplication group of (Q, ■) and is denoted by G(-) or 

M(g,-). 

The permutation a G M(Q, ■) is called inner with respect to a fixed element /i G Q, if 
ah = h. All inner permutations with respect to the element h & Q generate a group which is 
called the group of inner permutations of the quasigroup {Q, ■) and is denoted by Ih or Ih{-) ■ 

The action of the group //i(-) on the quasigroup (Q, ■) is well known [10]. For example, if 
for a quasigroup (Q, ■) the group Ih{-) is normal subgroup in the group M(Q,-), then (Q, ■) 
is an abelian group [10]. According to Theorem 4.4 from [2] the group Ih{-) is generated by 
the following permutations: Rx,y,Lx,y and T^, where Rx,y = R'^yRyRx, Lx,y = L'^yL^Ly, 
Tx = L-^Rx,x»y = Ll^{hx-y), xoy = R^^{x-yh), a = R^^Lh, a G If the quasigroup 

(Q, ■) is a group, then Ih{-) = /o(-) = Int{Q,-), i.e. the group /o(-) is the group of inner 
automorphisms of the group (Q, ■) • 

Let {Q, ■) be a linear quasigroup: 

xy = (px + c + ipy. (3) 

Here and henceforth the < . . . > brackets will be replace the word "generated". 

Theorem 2.1. Let Ih{ ) the group of inner permutations of the linear quasigroup [Q, ■) . 
Then 

h{-) =< Reh^Lf^,Tx >, 

where Re^ = R-^h+h^, Lf^ = Lh-i,h^, Tx = {L,i_(^-ic+a;)-^-Vh-R^-ic+x^/'"V? ^ ^ Q}^ (^^d 
RaX = X + a, LaX = a + X, for all x E Q . 

Proof. According to Theorem 4.4 from [2], 

-^hi^') ^ Rx,y: Lx^y,Tx 

where 

Rx,y = Rx»y^y^x^ ^x,y = ^xoy^xLy, Tx = L^^Rx, 

^•y = Ll^i.hx ■ y), X oy = R~^{x ■ yh), a = Rl'^Lh- 
First we note that from ([3]) it follows that 

Lx = L^X + C^, Lx^ = ^ ^L^Ij^^, Ry = Rc+^yLf, Ry^ = ^R-c+^y 
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Then 

^•y = L-\hx ■ y) = 'il)-^L-l^^[(p{^h + c + ipx) + c + ifjy] = ^/'"^^^;[+J<^^/i+ 

+Lpc + Lfiljx + c + il^y] = ip^-^l—c — Lfh + Lf^h + Lpc + (fipx + c + tpy] = —iIj^^c— 
—■ip~^(ph + ip'-^ip^h + ip~^Lpc + ip'^^ipipx + ip'-^c + y. 

Whence 

R^,yit) = KlyRyRxit) = R-ly{tx ■ y) = ^-'R;l^^,,y)M^t + c + i:x) + c + ^y] = 

= (f~'^[Lp'^t + (fc + if^x + c + ^y — ip{x • y) — c] = (ft + c + ^x + (f~'^c+ 
+ip~'^ipy — (p~'^ip[—il.>~'^c — Tp'^Lfh + Tp'^ip^h + ip'-^ipc + ip'^^ipipx + ip~^c+ 
+y] — Lp~^c = ift + c + ipx + if'^c + (f'^ipy — V^^'ipy — (p~^c — ijjx — c — Lfh + h+ 
+(p~^c - (p~^c = ift - iph + h = R^^h+hifit), 
i.e. Rx,y = R-^h+hf is independent of x,y. But Re,,,eh = -^e,, • Therefore 

Rx,y = Rch = R-iph+h^- 

Lx^y is calculated similarly. 
Let us now calculate : 

Tx{t) = L'^Rxit) = i^~^L~I^^^^^Rc+^x(p{t) = V'"^(-c - (p{ax) + ipt + c + i:x) = 

= -i)~^c - i)"^Lp{ax) + t/)" + i^~^c + x = -tp~'^c - ip~'^ipRj^^Lhix) + 
+ijj~^ipt + ip'^c + X = -ijj'^c - i(j~^ipip~^R~^^i^L^h+ci^x + tlj~^(pt + ip'^c + X = 
= —ip~^c — Tp'^i^Lph + c + ipx — Iph — c) + ip'-^Lpt + ip'^c + X = 
= —tp~'^c + tp~'^c + h — X — tp~'^c — ip'^iph + tp~^Lpt + ip~^c + X = 
= h-x - i)~^c - tp~^iph + tp~^(pt + ij'^c + x = Lh-{^-ic+x)-i,-^phRi,-^c+xip~'^'^{t), 



I.e. 



□ 



Theorem 2.2. Let [Q, ■) be an alinear quasigroup: 

xy = (fx + c + ipy, (4) 
Ih{') its group of inner permutations. Then 

Ih{-) =< Rx,h, Lh,x,Tx >, 

where 

Rx,h = Lh-hxRx, Lfi^x = R-xh+hLx, Tx = Lx.^^-icR^-i^h-^-'^c-x+h^' ^'f- 
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Proof. From (jlj) it follows: 

Lx = L^x+cfp, =il) ^L^Ij^^, Ry = R^_^_^y(f, Ry^ = if ^R^^^y- 

Let us calculate Rx,y'- 

x»y = L-^{hx ■ y) = ^~'^L-l^J^^{^h + c + ^jx) + c + i)y] = 
= ^'^L^h+A'fi^x + ifc + ip'^h + c + tfjy] = 
= ijj~^[—c — ifh + Lpijjx + (^c + Lp^h + c + ijjy] = 
= y + ip~^c + ip'^if^h + il)~^ipc + ilj'^LpTpx — ip~^iph — ipc. 



Rx,y{t) - RjyRyRxit) - LP ^ R^^^^^^^^R^^^yLpR^^^^Lp{t) - 

= ^~^Kliix,y)^c+i'y^{^^ + c + ^Px) = ^~'R;l^^^^J^i>x + ^c + ^H + c + ijy) 
= Lp~^{Lpijjx + ipc + Lf^t + c + tjjy — tjj{x • y) — c) = 
= —(f~^c — (p~^'ijj{x • y) + 'f'^ipy + (f~^c + (ft + c + ipx = 

—ip~^i^h — Tpc) + (p~^Tpy + (p~^c + (ft + c + Ipx = 

= —tp^-^c — (p^-^^—c — iph + (pipx + (fc + ip^h + c + ipy) + 

+(p~'^ipy + (p~^c + (^t + c + -^x = —ip'-^x — {ip'^Tpy + Lp~^c + Lph + c + ipx— 

—h — (p~^c) + (p'^tpy + (f~^c + (ft + c + ijjx = —(p~^c + (p~^c + h — ijjx — c — (ph 

—(p^^c — (p^^ipy + (p^'^i'y + (p~^c + (pt + c + ijjx = 

= h — Ipx — c — (ph + (ft + c + Ipx = h — {(ph + c + ipx) + (pt + c + ipx = 

= h - hx + tx = Lh_hxRx{t). 

Hence Rx^y = Lh_hxRx ■ Similarly is calculated ^ . 

Let us calculate = L~^Rx, where a = R^^L^, considering that 

ax = Rl^LhX = (p~^R-^^^L^h+c^x = (p'^ R-^^^{(ph + c + ipx) = 
= (p~^{(ph + c + Ipx — iph — c) = —(p~^c — (p^^iph + (p^^ipx + (p"^c + /i, 

we have 

Tx{t) = L-^Rx{t) = ip~^L-I^^^^^R^+^x<^{t) = ip~\-c - (p{ax) +(pt + c + ipx) = 
= X + ip~'^c + ip~'^(pt — ip~'^(pax — ip~'^c = 

= X + ip~^c + ip~^(pt — ip~''^(p{—(p^^c — (p^^iph + (p^^ipx + (p^'^c + h) — ip^^c = 
= X + ip~^c + ip"^(pt — {—ijj~'^c — h + X + ip~^c — ip~^(ph) — ip^'^c = 
= X + ip~^c + ip~^(pt + ip~^(ph — ip'^^c — X + h + ip~'^c — ip~^c = 
= X + ip~'^c + ip'~^(pt + ip~^(ph — ip^^c — X + h = 

= ^x+ip-ic^ip-i^h-i>-^c-x+hi^ ^^{'t)- 

Thus, Tx = L^j^^-i^R^-\^f^_^-if._^j^^ip ^(p. 



Theorem 2.3. Let (Q, ■) be a linear (alinear) quasigroup of the form: 

xy = ipx + ipy {xy = ipx + ipy), 

Aut{Q,+) ('f,ip are antiautomorphisms of {Q,+) )■ If (H,-) is a suhquasigroup of the 
quasigroup (Q,-), & H, where is the zero element of (Q, +) , then {H,+) is a subgroup of 
the group {Q, +) , moreover 

{H,-)<{Q,-)^{H,+)<{Q,+). 



Proof. Let (if, ■) be a suhquasigroup of the quasigroup {Q, ■) , xy = ipx + ipy , then x + y = 
(p~^x ■ il)~^y = Rq^x ■ L^^y . If x,y,0 E H , then x + y E H , —x E H , i.e. {H, +) is a subgroup 
of the group {Q, +) . 

According to [1], if {H,-)<{Q,-), then I^H = H for any h E Q, i.e. H is invariant with 

respect to any permutation from I^- Let h = 0, then Re^H = RqH = (pH = H, Lf^H = 
LqH = ipH = H and according to Theorem 2.1 

= L_^R^ip~^Lp. 

If {H, ■) <(Q, ■), then T^H = H or -x + ip~^(pH + x = H. Then -x + H + x = H, i.e. 

(if,+)<(g,+). 

The converse is easily verified. 

Similarly the theorem can be proved for alinear quasigroups. □ 

We shall denote for convenience a quasigroup as A or {Q, A) . It is known [1] that with each 
quasigroup A the next five quasigroups are connected: 

A-\ -'A, ^\A-'), rM)"\ [~\A~')]-' = -'[{~'Ar'] = A* 

These quasigroups are called inverse quasigroups or parastrophies . 

It is known [7, 8] that T-quasigroups are invariant under parastrophies. Below we shall 
establish the form of the parastrophies of linear and alinear quasigroups. 

For this we shall re-write in the form: 

A{x, y) = ifx + c + ipy. 

It turns out that linear quasigroups, unlike T-quasigroups, are not invariant under parastro- 
phies, namely the following holds: 

Proposition 2.1. Let (Q, A) he a linear quasigroup: 

A{x, y) = ipx + c + ipy. 

Then 

A~^{x, y) = (fix + ci + iJiy, ~^A{x, y) = ip2X + C2 + ^2?/, 
-^{A~^){x,y) = ipsy + cs + ipsx, y) = ip^y + + ip^x, 

A* (x, y) = ipy + c + ipx, 

where ipi,ipi E Aut{Q,+), ipi,ipi are antiautomorphisms of the group {Q,+), Ci E Q,i = 
1,2,3,4. 



6 



Proof. Let A{x,y) = z. Then A ^[x^z) = y, 

z = ipx + c + ipy^z = (px + c + ipA'^i^x, z) =^ 
=^ ipA~^{x, z) = —c — ipx + z ^ A~^{x, z) = 
= —ip~^c — ip'^ifx + iIj~'^z = 

= —1p~^C — 1p~^LpX + Ip^^C — 1p~^C + 1p~^Z = ipiX + Ci + IpiZ, 

where ipix = Jip''^c+ Jip^^ipx + ip'^c is an antiautomorphism of the group {Q, +) , Ci = Jip~^c, 
ipi = ip-'^. 

Hence, A~^ (x, y) = ipix + Ci + ipiy . 

Let us denoted A~^{x, y) = B{x, y) . Let y) = t. Then ^^B{t, y) = x and (pi{~^B{t, y)) + 
ci + ipiy = t ^ (pi{-^B{t,y)) = t - ilJiy - ci ^ ~^B{t,y) = -tf^^c - (^]"Vil/ + ^i^t = 
-iPi^c - (^r + ^i^c - (f^^c + (f^H = Lfsy + C3 + ipst, 
that is 

-^B{t, y) = -\A-^){t, y) = cp^y + Cg + ^^t, 

where ip^y = —'Pi'^c — (p^^ipiy + <^5~^c is an automorphism of the group (Q, +), ^3 = 'Pi^ is an 
antiautomorphism of the group (Q, +) , C3 = —ip^-^c. 

All other parastrophies are computed similarly. □ 

Note that alinear quasigroups are invariant under parastrophies, namely, we have the follow- 
ing: 

Proposition 2.2. Let {Q,A) be an alinear quasigroup: 

A{x, y) = ipx + c + ipy. 

Then 

A~^{x, y) = tpiy + ci + ipix, y) = i}2y + c + ^2X, 

"^(v4"^)(x, y) = Lf-sx + C3 + ijjsy, y) = (p^x + C4 + i)^y, 

74*(x, y) = (^y + c + '^x, 
where ^pi, ipi are antiautomorphisms of the group {Q,+), Ci ^ Q, i = 1,2,3,4. 

Proof. We shall prove the condition of the Proposition for the parastrophy A~^{x,y). The re- 
maining cases are proved similarly. 

Let A{x,y) = z ^ A~^ (x, z) = y . Then 

z = ipx + c + tpA'^i^x, z) =^ ipA~^{x, z) = —c — ipx + z ^ A~^{x, z) = 
= ■il}~'^z — ijj'^ipx — i/j~^c = ijj'^z — i/j~^c + ijj~^c — i/j^'^ipx — ijj'^c = 

= IpiZ + Ci + (piX, 

where ipi = ip~^ , ipix = ip~^c — ip^^ipx — ip~^c are antiautomorphisms of the group {Q, +) , 
that is A~^{x, z) = ipiz + ci + ipix. 

□ 

Now we consider the cases when a left and a right linear (alinear) quasigroup are connected 
between each other. First let (Q, ■) be linear over a loop (Q, +) and consider the more common 
case: 

Lemma 2.1. Let the quasigroup (Q,-) be left linear over the loop (Q,*), xy = ipx * [iy 
and right linear over the loop {Q, o) , xy = ax o ipy ^ where a, /3 are permutations of the set Q , 
if G Aut{Q^ *) , ip & Aut{Q, o) . Then {Q, ■) is a linear quasigroup if and only if a = -R^qV^' P ~ 
L'^^ijj , where is the identity element of the loop {Q,o) , e is the identity element of the loop 
(Q, *), R^x = X * a, L°x = ao x. 
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Proof. First note that a quasigroup of the form xy = ax o (^c o ipy) or xy = {ipx o ci) o can 
always be converted to the form xy = aix o tpy or respectively xy = ipx o fSiy, where ai and 
Pi are some permutations of the set Q. So for convenience we re-write a left or a right linear 
quasigroup in the form xy = ax o ipy or xy = ipx * (5y respectively. According to the condition 
of Lemma 2.1, [Q, ■) is a left and a right linear quasigroup, that is xy = ax o ipy = ipx * Py. 
Putting in the last equality first x = 0, then y = e, we get a = R*^Qf, P = L°^e'P ■ The reverse 
condition is obvious. 

□ 

Proposition 2.3. Let {Q, ■) be a left and right linear (alinear) quasigroup. Then {Q, ■) is a 
linear (an alinear) quasigroup. 

Proof. Let the quasigroup (Q,-) be a left and a right linear quasigroup. Then (Q,-) has the 
form: xy = ax + c + ipy = (px Q) Ci Q) f3y, where a,/3 are permutations of the set Q,(p E 
Aut{Q,®),ip e Aut{Q,+). 
But then 

xy = aix + ipy = ipx ® Piy , (5) 

where ai = ax + c, Piy = ci Q) /3y , that is the groups {Q, +) and {Q, ©) are principally 
isotopic, so by the Albert's Theorem they are isomorphic. Moreover, from the proof of this 
theorem it follows that there is such an element k ^ Q, that Rk{x Q) y) = RkX + Rky , where 
RkX = X + k. Considering this in (|5]), we find that 

Rk{aix + ijy) = Rkfx © RkPy, Rk{aix + i)y) = Rk^x + RkPiy, 

or 

aiR'^^x + ipy = Rk^pR^^x + f3iy. 

Put in the last equality y = : aiR^^x = (pix + d, where d = (3iO is some element of the 
set Q , (pi = RkipR^^ is automorphism of the group {Q, +) . 
Indeed, since Rk{x (B y) = RkX + Rky, then 

Rk^R^\x + y) = RkvRk^[Rk{Rk^x © R-^y)] = 
= Rk(p{Rk^x © R^^y) = Rk^pRk^x © ^R^^y] = 
= Rk[Rk^{Rk<pRk^x + RkipR^^y)] = Rk^pR^^x + Rk'p^R^^y. 

Hence Rk'P'R^^ G Aut{Q,+). According to Lemma 2.5 from [2] ctii?^^, and thus ai are 
quasiautomorphisms of this group. Therefore aix = (p2X + s, s E Q, and xy = ip2X + c + tpy, 
where ip2, ^ Aut{Q, +) , that is (Q, ■) is a linear quasigroup. 

Similarly, Proposition 2.3 can be proved for alinear quasigroups. □ 

Corollary 2.1. A left (right) linear quasigroup {Q, ■) xy = (px + c + Py {xy = ax + c + 
ipy) is a right (left) linear quasigroup if and only if the permutation /3 (accordingly a) is a 
quasiautomorphism of the group {Q, +) . 

Corollary 2.2. A left (right) alinear quasigroup {Q, ■) xy = (px + c + Py {xy = ax + c + 
ipy) is a right (left) alinear quasigroup if and only if the permutation P (accordingly a) is an 
antiquasiautomorphism of the group {Q, +) . 

Proposition 2.4. A quasigroup which is left (right) linear and left (right) alinear is a T- 
quasigroup. 
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Proof. Let (Q,-) be a left linear and a left alinear quasigroup: 

xy = ipx + c + l3y = (px (B s (B 7?/, 

where ip G Aut{Q, +), is an antiautomorphism of the group {Q, ©) , (3 , 7 are permutations of 
the set Q. Then 

xy = ipx + I3iy = ^x ® jiy, (6) 

where (3y = c + f3y, ■jiy = s © 7?/. Then according to Albert's Theorem (Q, +) = (Q,©), 
besides that there is an element k & Q such that 

Rk{x ®y) = RkX + RkV, (7) 

where RkX = x + k. Considering this in ([6]), we obtain 

Rk{(px + I3iy) = Rk^px + Rkliy 

or 

ipx + (5iy = ipx + k + 7iy. 

Put y = : ipx + /3iO = (^x + /c + 7iO . Then ipx + /3iO — 71O — k = ipx , (fx = ipx+p = Rpipx , 
where p = /3iO — 71O — A; is some element of the set Q . 

Considering ([7]), note that Rk<^R^^ is an antiautomorphism of the group (Q, +) . But 
Rk'^R'^^ = RkRpf-pRk^ ■ Hence, 

RkRpipRk^ix + y) = RkRp^Rk^y + RkRp^Rk^x, 

ip{x + y — k)+p + k = ipiy — k) + p + k + ip{x — k) + p + k, 

(p{x + y — k) = ip{y — k) + p + k + (p{x — k), 

(px + (py — (pk = ipy — ipk + p + k + (px — ipk, 

ipx + ipy = (py — ipk + p + k + ipx. 

Put x = y = = —(pk + p + k. Then (px + (py = (py + (px or x + y = y + x , that is the group 
(Q, +) is abelian. Hence, (Q, ■) is a left T-quasigroup. 

The right linear and right alinear case is proved similarly. □ 

Finally observe that if (Q, ■) is a linear and an alinear quasigroup at the same time, then it 
is a T-quasigroup and from Proposition 2.3 it follows that a left and right T-quasigroup is also 
a T-quasigroup. 

III. Endotopies and endomorphisms of linear quasigroups 

Theorem 3.1. The semigroups of endomorphisms of parastrophic quasigroups coincide: 

End{Q,-) = End {Q, ''{■)), (8) 

where (Q,-) is a quasigroup, {Q,'' {■)) is its parastrophy, End{Q,-) is the semigroup of endo- 
morphisms of the quasigroup (Q, ■) and End{Q,'^{-)) is the semigroup of endomorphisms of its 
parastrophy (Q, '^(■)) ■ 

Proof. Let 7 G End{Q,-) : 7(x?/) = 7X ■ 7?/. Denote xy = z. Then x = z/y. Hence 7^ = 

l{z/y) ■ 7t/ or 7(2;/?/) = 7^/72/- 

Consequently, 7 G End (Q, " (■)) , so End {Q, ■) C End (Q, (•)) • 
The converse statement is obvious. Then End {Q, ■) = End (•)) . 

For other parastrophies the equality ([8]) is proved similarly. □ 
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Corollary 3.1. The groups of automorphisms of parastrophic quasigroups coincide: 

Aut{Q,-) = Aut{Q,''i-)). 

Denote by S{Q) the semigroup of all the transformations of the set Q. Let (Q, ■) be a 
quasigroup and ip G End (Q,-) ■ Then 

(p{xy) = ifx ■ (fy, 

(pLx = L^x<-P, (9) 
ipRx = R^x^. (10) 
The following theorem is a generalization of Theorem 1 from [13]. 

Theorem 3.2. Let [Q, ■) be a quasigroup and if e S (Q) is such that ipLx = L^ip, for any 
X ^ Q and some z, depending on x. Then z = ipx (that is (p ^ End{Q,-) ) if and only if 
ipe = op , where e is a map such that e : a — e(a) and a ■ e(a) = a. 

The Theorem is proved by analogy with the proof of the Theorem 1 from [13]. 

Corollary 3.2. Let i he the right identity element of a quasigroup {Q, ■) and (p be a map of 
the set Q into itself such that tpLx = L^^p , for any x and some z , depending on x & Q . Then 
z = ipx (that is ip (z End {Q, ■) ) if and only if ip{i) = i . 

Now let (/9 G 5 (Q) and ip (xy) = ipy ■ ipx, that is ip is an antiendomorphism of a quasigroup 
{Q, ■). Then in this case instead of iQ and ( !T0|) we must consider the following relations: 

(pLx = R^x^, (11) 
ipRx = L^x^. (12) 

Theorem 3.3. Let {Q, ■) be a quasigroup and ip ^ S (Q) is such that ipLx = Rz<p , for any x 
and some z, depending on x E Q . Then z = ipx (that is ip is an antiendomorphism of [Q, ■) ) 
if and only if (pe = ftp , where e is a map such that e : a — e(a) and a ■ e(a) = a and f is a 
map such that f : a ^ f {a) and f (a) ■ a = a. 

Proof. Since ipLx = Rz<p, we have that ipL^y = Rz'py , i-e. (p (xy) = ipy ■ z . In particular, for 
y = e{x): ip {x ■ e (x)) = ipe (x) ■ z , whence ip (x) = ipe (x) ■ z . 
But ip{x) = f(p{x) ■ ip{x) . Then (pe{x) ■ z = f(p{x) ■ ip{x) . 

Assume now that (pe = ftp. After reduction we get z = (p{x) , that is (p is an antiendomor- 
phism of the quasigroup (Q, ■) • 

Conversely, for an antiendomorphism (p the following holds: 

fip{x) ■ (p{x) = ip{x) = ip{x ■ e(x)) = (pe{x) ■ (p{x) 

hence f(p{x) = (p>e{x) for all x G □ 

Corollary 3.3. Let (Q,-) be a loop with the identity element j and (p G S{Q) be such that 
ipLx = Rz^p for any x and some z, depending on x E Q . Then z = (p{x) (that is (p is an 
antiendomorphism of (Q,-) ) if and only if (p{j) = j ■ 

Proof. In a loop {Q, ■) we have e(x) = j = f{x) for any x E Q . Let ip be an antiendomorphism 
of the loop (Q, ■) • Then 

VU) = ¥>{e{x)) = <^(/(x)) = /<^(x) = j. 

Conversely, if ipL^ = Rzf and (p>{j) = j , then since j = e{x) = f{x) , we have ip{e{x)) = e{x) = 
j = f{x) = fip{x) , whence ip>e = fip. Then according to Theorem 3.3 ip is an antiendomorphism 
of the loop {Q, ■) . □ 
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Recall that the triplet T = {a,/3,'j) of maps of a quasigroup (Q, ■) into itself is called an 
endotopy of the quasigroup {Q,-) , if the identity: 

lixy) = ax ■ I3y, 

is true for any x,y E Q . 

In case when a = /3 = 7, the triplet T = (7,7,7) is called an endomorphism of the 
quasigroup (Q, ■) • 

Obviously the set of all endotopies of the quasigroup {Q, ■) is a semigroup with identity. Let 
us denote this semigroup by Ent{Q, ■) . 

Theorem 3.4. // the quasigroups {Q, •) and {Q, o) are isotopic: ■y{x o y) = ax ■ f3y, (o) = 
(■)T, T = (a,/3,7), then their semigroups of endotopies are conjugate: 

Ent{Q, ■) = T^^EntiQ, o)T. (13) 

Proof. Indeed, let (o) = {■)T and S G Ent{Q,o), that is (o)^ = (o) . Then {{■)T)S = {■)T , 
therefore {■)TS = {■)T and {■)TST~^ = (■) , so TEnt{Q, o)T"i C Ent{Q, ■) , whence 
Ent{Q,o) C T~^Ent{Q,-)T. 

On the other side, (o)T"i = (■)• Let S' E Ent{Q,-), that is {■)S' = (■)• Then {o)T~^S' = 
{o)T"^ and {o)T~^S = (o) , whence Ent{Q , ■)T C Ent{Q, o) . Considering the reverse 
inclusion we get f|T3|) . □ 

Corollary 3.4. [1]. If the quasigroups (Q,-) and {Q,o) are isotopic then their groups of 
automorphisms are isomorphic, namely 

Aut{Q,-) = T~^Aut{Q,o)T. 

Note that the third component 7 of an endotopy T = (a, (3, 7) is called a quasiendomorphism 
of the quasigroup (Q, ■) • The structure of the quasiautomorphisms of a group is well known (see 
[1]). As in the case of quasiautomorphisms, the quasiendomorphisms of groups have a simple 
structure, namely: 

Proposition 3.1. Any quasiendomorphism ^ of a group {Q,+) has the form: 

7 = Rslo, (14) 

where 70 G End{Q,+), s E Q, and reversely, the map 7, defined by the equality [14\ ), is a 
quasiendomorphism of the group {Q, +) . 

Proof. Let 7 be a quasiendomorphism of a group {Q, +) , that is there is an endotopy T = 
(a, /3, 7) : 7(x + y) = ax + f3y . Put x = in the last equality, where is the identity element 
of the group (Q, +) . Then 'jy = aO + (3y = I + /3y = Li(3y, 7 = Li(3, (3 = L'f^'j, I = aO. 
Similarly taking y = we have: 'y = ax + (30 = ax + k = Rka, 7 = Rta, a = -Rfc"^7, k = /SO. 
But in any group Ly^ = L^i, R^^ = R-k- 
Hence, 

7(x + y) = ax + I3y = R-klx + L_ay = (7a; + (-k)) + ((-/) + 7?/), 

7(x + y) = 7x + (-7O) + 7?/, (15) 

since {-k) + {-l) = -{l + k) = -(aO + /30) = -7O. Let 7x + (-70) = 70X. Adding (-7O) to the 
both parts of ( |T5l) . we have •j^x + y) + (— 7O) =70; + (— 7O) +7y+ (— 7O) , 'jo{x + y) = 'Jox + 'joy , 
that is 7o G End{Q, +) . From •yx + (— 7O) = 70X follows ( |T^ . 

Conversely, any endomorphism and any transformation of a group are quasiendomorphisms, 
so the product Rg'jo is also a quasiendomorphism of that group. □ 
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Corollary 3.5. Let ^ be a quasiendomorphism of a group {Q, +) . Then 

7 e End{Q, +) ^ 7O = 0, 

where is the identity element of the group {Q, +) . 

Indeed, let 7 be a quasiendomorphism and 7O = . Then 7O = -Rs7oO = -R^O = s and s = . 
Hence, 7 = 70 • 

As noted by LA. Golovko in [14], any endotopy of a group {Q, +) has the form: 

T = (L„, Rb, LaRb)e, (16) 

where 9 G End{Q, +) , a,b E Q . 

Using (fT3|) and (fT6|) . it is easy to find a common form of any endotopy of a linear (alinear) 
quasigroup (Q, ■) • 

Indeed, let (Q, ■) be a linear quasigroup: xy = ipx + c + ipy = Rcfx + ipy . Then (■) = 
{+){R^^,i),e). If ^ G Ent{Q,+), then by ([11]) 5 = {La, Rb, LaRb)9, where 9 G Ent{Q,+), 
a,b E Q . Then according to (fT^ for any P G Ent{Q, ■) we have: 

P = TST-^ = {Rcip,ij,e){La9,Rb9,LaRb9){ip~^R^\ij-\e) = 

= {Rc^La9^-'R-\ijRb9ij-\LaRb9) = {RcL^a¥^9^-^R„ R^bi^9ij-\ LaRb9) , 

where (p,ip E Aut{Q, +),9 E End{Q, +), a,b,c E Q. 
So, have proved: 

Theorem 3.5. Any endotopy of a linear quasigroup (Q, •) ; xy = ipx + c + ipy has the form: 

P = {RcL^a'f9^''R-c, R^bi^9ij-\ LaRb9), (17) 

where (p,ip E Aut{Q, +) , 9 E End{Q, +) , a,b,c E Q . 

Similarly can be showed that any endotopy an alinear quasigroup (Q, ■) : xy = (px + c + ipy 
has the form: 

P = (^Rdip9ip~'R.,, L^,m'\ LaRb9) . (18) 

Corollary 3.6. Any endotopy of a T-quasigroup (medial quasigroup) {Q, ■) / xy = tpx+c+ipy 
has the form: 

P = {Rdip9ip-^R^,, R^b^9ij-\ La+b9), (19) 

where d = c + ipa, d E Q,9 E End{Q, +). 

Corollary 3.7. Any endotopy a quasigroup of mixed type of linearity of first kind: xy = 
ipx + c + ipy (accordingly linearity of second kind: xy = (px + c + ipy ) has the form: 

P = {R,L^aVdv~'R-c, ^Rb9^^\ lm) , 

[P = [R,L^a^9^-^R_,, i:Rb9ij-\ LaRb9^y 

where (p^if) E Aut{Q,+), ipjtp are antiautomorphisms of the group {Q,+), a,b,c are fixed 
elements of Q, 9 E End{Q, +), Ra, Lb are transformations of the group {Q, +) : RaX = x + a, 

LdX = (2 ~1~ X. 

Corollary 3.8. Any endomorphism ^ of a linear quasigroup {Q, ■) : xy = ipx + c + ipy can 

be presented in the form: 

7 = RcL^a<p9ip~'^R-c = R^bi'9ilJ~^ = LaRb9, 
where 9 E End{Q, +), a E Q. 
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Proof. It is follows from the coincidence of all components of the endotopy of a linear quasigroup. 

□ 



Remark. Similarly, any endomorphism (automorphism) of alinear quasigroups, quasigroups 
of mixed type of linearity, T-quasigroups and medial quasigroups can be presented by automor- 
phisms, endomorphisms and transformations of respective groups [15]. 
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